The lifting scheme has been found to be a exible method for constructing scalar wavelets with desirable properties. Here it is extended to the construction of multiwavelets. It is shown that any set of compactly supported biorthogonal multiwavelets can be obtained from the Lazy matrix lters with a nite number of lifting steps. Based on the proposed lifting scheme, multiwavelet transforms that map integers to integers are obtained. As an illustration of the general theory, compactly supported biorthogonal multiwavelets with optimum time-frequency resolution are constructed. In addition, experimental results of applying these multiwavelets to image compression are presented.
Introduction
Multiwavelets is a recent topic of active research in the eld of wavelets. There is much research conducted on the construction of orthonormal and biorthogonal multiwavelets ( Suppose that (V j ( )) and (V j ( e )) are two MRAs of multiplicity r with scaling functions and e . Let = ( 1 ; : : : ; r ) T and e = ( e 1 ; : : : ; e r ) T be the vector-valued functions whose components are in V 1 ( ) and V 1 ( e ) respectively, and de ned by (R), and we say that ; e form a set of biorthogonal multiwavelets.
A necessary condition for ; e to be a set of biorthogonal multiwavelets is that H; e H; G; e where I r and 0 r are the r r identity and zero matrices respectively. In 24], the lifting scheme was introduced as a exible method for constructing biorthogonal scalar wavelets with desirable properties. Subsequently, it was shown (see 5]) that any pair of compactly supported biorthogonal scalar wavelets can be obtained from the Lazy lters with a nite number of lifting steps. This leads to the construction of wavelet transforms that map integers to integers (see 1]).
In Section 2, we extend the lifting scheme in 24] to the multiwavelet setting. Using the Smith factorization theorem on polynomial matrices, we also show that any PR FIR multi lter bank can be factorized into nite steps of lifting, starting from the Lazy matrix lters Thus any set of compactly supported biorthogonal multiwavelets can be obtained from lifting. Furthermore, in Section 3, based on the lifting scheme, we construct multiwavelet transforms that map integers to integers.
CONSTRUCTION OF BIORTHOGONAL MULTIWAVELETS 5
The rest of the paper is on biorthogonal multiwavelets with optimum time-frequency localization. To construct such multiwavelets, parametric expressions of PR multi lter banks are required. In 14] , parametric expressions of a group of PR FIR multi lter banks are provided which give optimal biorthogonal multiwavelets. For some applications in image processing, for example image compression, in the synthesis bank, the length of the low-pass lter is often long to avoid blocking and checkerboarding, while that of the high-pass lter is short to avoid ringing (see 22] ). However, the lter lengths of the analysis and synthesis banks in 14] are the same. In Section 4, we apply the lifting scheme to obtain parametric expressions of PR FIR multi lter banks whose low-pass and high-pass lters in the analysis and synthesis banks are of di erent lengths. These parametric expressions are then used to construct biorthogonal multiwavelets with optimum time-frequency localization. The paper concludes in Section 5 with experimental results of applying these multiwavelets to image compression.
The lifting scheme
To x notations, de ne z := e i! , ! 2 0; 2 ), and let T be the unit circle. ; G Proof of Theorem 2.2. Let P(z) be the polyphase matrix of H; G, and n be an integer such that z n P(z) is a polynomial matrix. Then as in the proof of Theorem 13.5.1 in 26], by performing elementary row and column operations of Type 1 and Type 3 on z n P(z) and using Lemma 2.1, we see that z n P(z) can be written as
where W(z); U(z) are products of standard elementary polynomial matrices, and ?(z) = diag( 1 (z); : : : ; 2r (z))diag(c 1 ; : : : ; c 2r ):
The entries i (z), 1 i 2r, are polynomials whose highest powers have coe cients 1, and i (z) is a factor of i+1 (z). Since c 1 c 2r 1 (z) 2r (z) =det(z n P(z)) = z 2rn , we have c 1 c r = 1, i (z) = z n i for some n i with n i n i+1 , and P 2r i=1 n i = 2rn. Consequently, P(z) = z ?n W(z)diag(z n 1 ; : : : ; z n 2r )diag(c 1 ; : : : ; c 2r )U(z) = W(z)U 1 (z)diag(z n 1 ?n ; : : : ; z n 2r ?n )diag(c 1 ; : : : ; c 2r ); (2.6) where U 1 (z) is a product of standard elementary Laurent polynomial matrices.
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The diagonal matrices diag(z n 1 ?n ; : : : ; z n 2r ?n ) and diag(c 1 ; : : : ; c 2r ) can be written respectively as a product of standard elementary Laurent polynomial matrices and a product of standard elementary matrices. Indeed, diag(z n 1 ?n ; : : : ; z n 2r ?n ) = diag(1; z n 1 +n 2 ?2n ; z n 3 ?n ; : : : ; z n 2r ?n ) For diag(1; z n 1 +n 2 ?2n ; z n 3 ?n ; : : : ; z n 2r ?n ), it can be similarly written as a product of the diagonal matrix diag(1; 1; z n 1 +n 2 +n 3 ?3n ; z n 4 ?n ; : : : ; z n 2r ?n ) and four standard elementary Laurent polynomial matrices. Since P 2r i=1 n i = 2rn, a repeated application of this procedure shows that diag(z n 1 ?n ; : : : ; z n 2r ?n ) can be written as a product of standard elementary Laurent polynomial matrices. As for diag(c 1 ; : : : ; c 2r ), we have Since c 1 c 2r = 1, by repeating this procedure, it follows that diag(c 1 ; : : : ; c 2r ) can be written as a product of standard elementary matrices. Since standard elementary (Laurent) polynomial matrices and standard elementary matrices are in the form of the factors on the right-hand side of (2.4), we conclude from (2.6) that the polyphase matrix P(z) can be written in the form (2.4). Thus the proof of Theorem 2.2 is complete.
For It should also be mentioned that although we are only dealing with multiwavelets with dilation factor 2 here, similar arguments can be used to extend the results in this section to multiwavelets with dilation factor M, where M is an integer greater than 1.
3. Integer-to-integer multiwavelet transforms Let H; e H; G; e G be r r FIR matrix lters that generate scaling functions ; e and biorthogonal multiwavelets ; e . In this section as well as for the rest of the paper, we shall assume that all lters have real matrix lter coe cients. Suppose that (V j ( )) ((V j ( e )) respectively) is the multiresolution analysis of multiplicity r generated by ( e respectively). 2 (k ? 2n):
Similarly, writing (k)g are given by (3.13) and (3.12).
The above result shows that the decomposition algorithm (3.3) can be expressed as a recursive application of (3.12) and (3.13). The processes described by the rst equation in (3.12) and the last equation in (3.13) are obviously reversible. As for the processes described by the remaining equations in (3.12) and (3.13), they are also reversible. Indeed, all these remaining equations are of the form y(k) It is immediate from Proposition 3.2 that if the sequence fy(k)g in (3.16) is given, then fx(k)g can be recovered by nding fx 1 (k); : : : ; x r (k)g iteratively from (3.17) or (3.18) . Hence, all the steps in (3.12) and (3.13) are reversible. This motivates the derivation of a multiwavelet transform that maps integers to integers.
For a real number x, we let bxc denote the largest integer less than or equal to x. If x = (x 1 ; : : : ; x r ) T is a vector in R r , we de ne x] to be the vector (bx 1 + (z), where 1 ` L, = 1; 2. If any of these matrices is lower triangular, then we only need to replace (3.17) by (3.18) in the algorithms. We shall assume that the initial lters e . Our objective is to use these lters to obtain a Step 2: Initialize`= 1.
Step 3 Step Step 9: If`< L, set`=`+ 1 and go to Step 3.
Step 10: Set c
Since all the steps of the above decomposition algorithm are reversible, we can easily write down its corresponding reconstruction algorithm.
Integer-to-Integer Reconstruction Algorithm:
Step 0: Input c
Step 2: Initialize`= L.
Step 3 Step 5 Step 7 Step 9: If`> 1, set`=`? 1 and go to Step 3.
Step 10 Before ending this section, we remark that by Theorem 2.2, given any complementary FIR matrix lter pair, its corresponding polyphase matrix can be factorized into the form (2.4). In other words, any PR FIR multi lter bank can be obtained from the Lazy matrix lters with a nite number of lifting steps. Consequently, an integer-to-integer version of any PR FIR multi lter bank can be constructed.
We also note that the initial lters used in the integer-to-integer algorithms need not be the Lazy matrix lters. We shall see in Section 4.2 that other simple matrix lters can play the roles of the initial lters as well.
Biorthogonal multiwavelets with optimum time-frequency resolution
For the scalar case of r = 1, the design of optimal time-frequency resolution (OPTFR) wavelets was studied in 6], 29], 19]. As for the vector case, orthonormal and biorthogonal OPTFR multiwavelets were constructed in 12]{ 14]. The PR multi lter bank that corresponds to such a multiwavelet has the same lter length in both the analysis and synthesis banks. In this section, the main attention is to construct, by using the lifting scheme, biorthogonal OPTFR multiwavelets with di erent lter lengths in the corresponding analysis and synthesis banks. For simplicity, we shall concentrate on the vector case of r = 2. Thus we are interested To compare and evaluate the performance of these multi lter banks, we use two standard test images of size 512 512, namely \Lena" and \Barbara". The compression ratios (CR) of \Lena" are 32:1, 64:1 and 100:1, while that of \Barbara" are 16:1, 32:1 and 64:1. We use the Peak Signal to Noise Ratio (PSNR) to measure the quality of the reconstructed image. The reconstruction results are given in Tables 1 and 2 The biorthogonal multiwavelets designed in this paper generally perform better than the orthonormal scalar wavelets D 8 and L-asym 8 (see Tables 1 and 2 ). In some cases, for instance, images with more high frequency components such as \Barbara" , our biorthogonal multiwavelets even outperform the biorthogonal scalar wavelet S-biort 9;7 .
Figures 1{3 show the original image, and the reconstructed images of \Barbara" with the scalar wavelet S-biort 9;7 and the multiwavelet Biort 7;9 at a compression ratio of 32:1. The reconstructed image using Biort 7;9 preserves details, such as texture, of the picture better.
In Section 3, we have shown that from any set of biorthogonal multiwavelets, an integer-tointeger multiwavelet transform can be constructed. As in 1], such a transform is applicable to lossless image compression. However, the integer-to-integer transform obtained is a nonlinear transform. It is very di erent from a linear transform such as the usual wavelet or multiwavelet transform used in lossy image compression. Although the popular scalar wavelet S-biort 9;7 performs very well in lossy image compression, it does not lead to the best integer-to-integer transform for lossless image compression (see 1]). Similarly, the multiwavelets constructed in Section 4 need not give optimal results in lossless image compression. The construction of good multiwavelets for lossless image compression is certainly an issue that requires further research and investigation. Reconstructed image using the biorthogonal multiwavelet Biort 7;9 at a compression ratio of 32:1 with PSNR=27.817 dB.
